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Abstract. We show that there exists a non-trivial simplified broken Lefschetz flbration 
which has infinitely many homotopy classes of sections. We also construct a non-trivial 
simplified broken Lefschetz flbration which has a section with non-negative square. It is 
known that no Lefschetz flbration satisfies either of the above conditions. Smith proved that 
every Lefschetz flbration has only finitely many homotopy classes of sections, and Smith and 
Stipsicz independently proved that a Lefschetz flbration is trivial if it has a section with non- 
negative square. So our results indicate that there are no generalizations of the above results 
to broken Lefschetz fibrations. We also give a necessary and sufficient condition for the total 
space of a simplified broken Lefschetz flbration with a section admitting a spin structure, 
which is a generalization of Stipsicz's result on Lefschetz fibrations. 

1. Introduction 

A broken Lefschetz flbration is a smooth map from a 4-manifold to a 2-manifold which has 
at most two types of singularities, that is, Lefschetz singularity and indefinite fold singularity. 
Such a flbration was first introduced in [2] as a generalization of Lefschetz fibrations to near- 
symplectic setting. Broken Lefschetz fibrations have properties similar to those of Lefschetz 
fibrations in some aspects. So it is natural to try to study the former by the techniques used to 
develop the latter and some of such attempts were successful (e.g. [5], [8] and [12]). 

On the other hand, there are also some crucial differences between two kinds of fibrations. For 
example, it is proved in PQ, [3] and [11] that every closed oriented smooth 4-manifold admits 
a broken Lefschetz flbration (furthermore, we can prove by using the results in [IT] and [16] 
that every closed oriented smooth 4-manifold admits a simplified broken Lefschetz flbration). 
However, there exist a lot of 4- manifolds which never admits any Lefschetz fibrations since the 
total space of a Lefschetz flbration is symplectic [6 . So it is important to study how far broken 
Lefschetz fibrations are different from Lefschetz fibrations. 

Smith proved the following theorem as a generalization of Manin's theorem. 

Theorem 1.1 (Smith [33]). Let f : M — >• S 2 be a non-trivial relatively minimal Lefschetz 
flbration. Then f has only finitely many homotopy classes of sections. 

The following result implies that we cannot generalize Smith's result to simplified broken 
Lefschetz fibrations. 

Theorem 1.2. For any g > 2, there exists a non-trivial genus-g simplified broken Lefschetz 
flbration f : M ^ S 2 such that no fiber of f contains (—1) -sphere and f has infinitely many 
homotopy classes of sections. 
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Smith and Stipsicz found a constraint on self-intersection numbers of sections of Lefschetz 
fibrations. 

Theorem 1.3 (Smith [13], Stipsicz [H]). Let f : M — >> S 2 be a genus-g relatively minimal 
Lefschetz fibration (g > 2). If f has a section a : S 2 — » M which satisfies [o~(S 2 )] 2 > 0, then f 
is trivial. 

The following result indicates existence of non-trivial simplified broken Lefschetz fibrations 
having a section with non-negative square. 

Theorem 1.4. For any integer n G Z and g > 2, there exists a non-trivial genus-g simplified 
broken Lefschetz fibration f : M — > S 2 such that f has a section a : S 2 — > M with [cr(S 2 )] 2 = n. 

Remark 1.5. Baykur had already proved in [4] that there exists a non-trivial genus-1 simplified 
broken Lefschetz fibration which has a section with positive square. 

In section [2j we give a precise definition of (simplified) broken Lefschetz fibrations and review 
monodromy representations of simplified broken Lefschetz fibrations. This representation relates 
the structure of the fibrations to mapping class groups of closed surfaces. 

In section [3j we prove Theorem 11.21 by using Kir by diagrams. We construct a simplified 
broken Lefschetz fibration and a family of sections of it. To prove any two sections in the family 
are not homotopic, we calculate the second homotopy group of the total space of the fibration. 

In section HI we prove Theorem II .41 after proving a certain lemma about the relation between 
monodromy representations and self-intersection numbers of sections. 

In section [5j we give a necessary and sufficient condition for the total space of a simplified 
broken Lefschetz fibration admitting a spin structure (Theorem 15. ip . This result is a general- 
ization of Stipsicz's result [15] on spin structures of total spaces of Lefschetz fibrations. After 
making some remarks about Theorem 15.11 we give some applications of the theorem. We prove 
that the total spaces of some of the fibrations constructed in the proof of Theorem 11.41 admit 
spin structures. We also give a partial answer to Conjecture 5.3 in [8 , which is a conjecture 
on classification of total spaces of genus-1 simplified broken Lefschetz fibrations. We prove that 
the conjecture is true under the hypothesis that the total space of the fibration is spin. 

2. Preliminaries 

2.1. Broken Lefschetz fibrations. 

Definition 2.1. Let M and B be compact oriented smooth manifolds of dimension 4 and 2, 
respectively. A smooth map / : M — ^ B is called a broken Lefschetz fibration if it satisfies the 
following conditions: 

(1) dM = f- 1 (dB); 

(2) / has at most the following types of singularities: 

• (zi,Z2) •— >• £ = 2:1^2, where (21,22) (resp. £) is a complex local coordinate of M (resp. 
B) compatible with its orientation; 
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• (t,xi,X2,X3) i— >• (2/1,2/2) = (£,^i 2 +^2 2 - ^3 2 ), where (t,xi,x 2 ,x 3 ) (resp. (2/1,2/2)) is a 
real local coordinate of M (resp. B). 

The singularities in the condition (2) of the definition are called a Lefschetz singularity and 
an indefinite fold singularity, respectively. For a broken Lefschetz fibration /, we denote by Cf 
(resp. Zf) the set of Lefschetz singularities (resp. indefinite fold singularities) of /. We call / 
a Lefschetz fibration if Zf = 0. 

In this paper, we will call broken Lefschetz fibrations (resp. Lefschetz fibrations) BLF (resp. 
LF), for short. 

Let / : M — ^ S 2 be a BLF. We assume that the restriction of / to the set of singularities is 
injective, Zf is connected and all the fibers of / are connected. Then the set Zf is either the 
empty set or an embedded circle in M. If Zf is empty, / is an LF over S 2 . If Zf is an embedded 
circle, the image f(Zf) divides the target 2-sphere into two 2-disks. We denote by vf{Zf) a 
tubular neighborhood of f(Zf) and we put 

S 2 \mtvf(Zf) = D 1 \\D 2 , 

where D\ and D2 are 2-disks. It is easy to see that the genus of a regular fiber of the fibration 
/ : f~ 1 (D i ) ->> Di is just one higher than that of / : f~ 1 (D j ) -» Dj. We call f~ 1 (D i ) (resp. 
f~ 1 (Dj)) the higher side (resp. lower side) of / and f~ 1 (vf(Zf)) the round cobordism of /. 

Definition 2.2. A BLF / : M — >• S 2 is said to be simplified if it satisfies the following conditions: 

(1) f\z f uCf is injective; 

(2) Zf is connected and all the fibers of / are connected; 

(3) If Zf is not empty, Cf is contained in the higher side of /. 

For a simplified BLF /, the genus of a regular fiber in the higher side of / is called the genus of 

/• 

The following lemma was proved by Baykur [4]: 

Lemma 2.3 (Baykur [3]). Let f be a simplified BLF and we denote the higher side and the 
round cobordism of f by and M r , respectively. Then U M r is obtained by 2-handle 
attachment to followed by 3 -handle attachment. Moreover, the attaching circle of the 2- 
handle is a non- separating simple closed curve in a regular fiber of resf : Mh — >• D 2 and the 
framing of the 2-handle is along the regular fiber. 

We call an attaching circle of the 2-handle in the above lemma a vanishing cycle of the 
indefinite fold of /. 

2.2. Monodromy representations. Let / : M — »• B be a genus-g LF and Cf the set of 
Lefschetz singularities. We fix a point 2/0 £ B \ f(Cf). Then a certain homomorphism Qf : 
7Yi(B \ /(C/), 2/0) — » M g: called a monodromy representation of /, is defined, where M g = 
Diff + £jDiff^ is the mapping class group of the genus-g closed oriented surface, (for the 
precise definition of this homomorphism, see [7])- 
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We assume that B = D 2 and we put f(Cf) = {2/1, . . . , y n }. We take embedded paths 
o;i,...,ft n in D 2 satisfying the following conditions: 

• each oti connects yo to yi\ 

• if i ^ j, then on n otj = {yo}] 

• ol\, . . . , a n appear in this order when we travel counterclockwise around yo. 

We obtain ai G tti(D 2 \{yi, . . . , y n }, yo) (i — 1? • • • •> n) by connecting a counterclockwise circle 
around yi to yo by using c^. We put Wf = (g/ (ai), . . . , Qf(a n )) G A^^ n . This sequence is called 
a Hurwitz system of /. Kas proved in [10] that each Qf(ai) is the right-handed Dehn twist along 
a simple closed curve c$ in E p . is called a vanishing cycle of ^. 

Let / : M S 2 be a simplified BLF with Z/ 7^ and the higher side of /. Then the 
restriction of / to is an LF over D 2 . So the monodromy representation and a Hurwitz 
system of this LF can be defined and are called the monodromy representation and a Hurwitz 
system of /, respectively. 

Lemma 2.4 (Baykur [4 ). Let f : M —> S 2 be a simplified BLF and Qf a monodromy represen- 
tation of f. Then a vanishing cycle c of the indefinite fold of f is preserved by Qf([dD 2 ]) up to 
isotopy. 

We denote by M. g {pf) the subgroup of A4 g which consists of elements represented by maps 
preserving the simple closed curve 7 in Yi g up to isotopy. The above lemma says that Qf([dD 2 )) 
is in Ai g (c) for a vanishing cycle c of the indefinite fold of /. There is a natural homomorphism 

: M- g (c) — > M.g-i defined by cutting the surface along c and pasting two 2-disks along 
the boundary. 

Lemma 2.5 (Baykur [4]). The element Qf([dD 2 ]) is in the kernel of cp c . Conversely, for a 

sequence of simple closed curves c, ci, . . . , c n inY> g satisfying t Cl t Cn G Kercp c , there exists 

a simplified BLF f : M — >• S 2 such that a Hurwitz system of f is (t Cl , . . . , t Cn ) and a vanishing 
cycle of the indefinite fold of f is c. 

Remark 2.6. Such a simplified BLF / is not unique even up to diffeomorphism of the total 
space. Indeed, there exist infinitely many simplified BLFs such that Hurwitz systems of these 
fibrations are all equivalent but the total spaces of these fibrations are mutually not diffeomorphic 
(see or [8]). 

3. Infinitely many homotopy classes of sections 

To prove Theorem II. 2\ we first give genus-g simplified BLF f g : M g —> S 2 and look at the 
set [5 2 , M g ]. We then construct a family of its sections and prove that any two sections in the 
family are not homotopic. 

(Proof of Theorem \1.2\) : For g > 2, we denote by f g : M g — >> S' 2 a simplified BLF as shown in 
Figure I 3.11 This diagram describes the total space of a simplified BLF whose Hurwitz system 
is (t/x,^), where /i C E^ is a simple closed curve described in Figure HT2l 
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3-hX 2g-l 



Figure 3.1. The diagram of the total space M g of f g . 2g 1-handles are 
included in this diagram. 




Figure 3.2. The simple closed curve \i in S fl 



We can change the diagram of M g as shown in Figure I 3.3[ and obtain: 



M g = S 2 x ^g-^S 1 x # 3 J}2CP 2 . 

To analyze the set [S 2 ,M g ], we first look at the group 7r 2 (M g ,po) for a fixed point po £ M g . 
Let X g be a CW-complex obtained by attaching three 4-cells to M g along the three attaching 
regions of connected sum (see Figure l~3~4|) . 

Let l : M g — »• X g be the natural inclusion. By the cellular approximation theorem (for this 
theorem, see [9 j), the following map is isomorphism: 

l* : 7r 2 (Mg,p ) 7r 2 (X g ,p ). 



Since X g is homotopic to S 2 xE^V^x^V CP 2 V CP 2 , we obtain: 

n 2 (X g ,p ) =tt 2 (S 2 x ViV^ 1 x S 3 VCP 2 VCP 2 ,^) 



^ tt 2 (S 2 x $Vi V^V^V CP V CP 2 ,p ), 

where the second isomorphism is obtained by the cellular approximation theorem. We put 
Y g = S 2 x V D 2 V S s V CP 2 V CP 2 and denote by j : X g the inclusion map. Since L> 2 

is contractible and £ 3 consists of the 0-cell and the 3-cell, we obtain: 



7r 2 (Y 9 ,p ) 9* tt 2 (S 2 x E p _i V CP V CP 2 ,p ). 



We denote by W g the universal cover of S 2 x E^-i V < 



\ W g is obtained by attaching 



count ably many 
is homotopic to S 2 \J 



to S 2 x D, where D is the universal cover of the closed surface, and 



11 £ 7Ti(S p _i, qo) 



) /i (see Figure l~33]) . 
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Figure 3.3. The diagram of M g . 




attaching regions of three 4-cells 

connected sum 



Figure 3.4. Left: the figure describing M g . Right: the figure describing X g . 
The shaded parts represent the attached 4-cells. 

In general, the second homotopy group of a CW-complex is isomorphic to that of the universal 
cover of the complex. Thus, we obtain: 

tt 2 (S 2 x V!VC?VC?,i)o) = tt 2 (S 2 \/ (C?VC?)„po) 

fi G 7Ti(S p _i, qo) 

(zez) M . 

12 E 7Ti(Eg-i,qo) 
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Figure 3.5. Left: the figure describing W g . Right: the wedge sum of S 2 and 
countably many CP 2 V CP 2 , which is obtained by collapsing D to a point. 

Eventually, we obtain the following group homomorphism: 

$=p- 1 oj*o U :7r 2 (M g ,p )^Z (Z0Z) M . 

Ii G 7ri(Eg_i,go) 

If $(s) = (Z, (m M , Ti^)^) G Z (Z © Z) M for an element s G ^(M^po), we have 

\i e 7ri(Sg_i, go) 

$(7 • 5) = (/, (m^n^x.fj.) for an element 7 = (A, z) G 7Ti(E^_i,g ) ©Z ^ 7Ti(M^,p )- 

For an integer n, let a n : 5 2 — >> be a section whose image intersects the boundary of 
the lower side of f g at the locus illustrated in Figure I 3.61 Such a section exists since we can 
trivialize the locus illustrated in Figure I 3.61 in the boundary of a regular neighborhood of a 
regular fiber in the higher and lower side of f g . 




Figure 3.6. the bold curve represents the section a n . 

We assume that the image of <j n contains the base point po, and regard a n as an element in 
7T2(M g ,po). By construction of cr n , there exists an element j n such that <£(7 n - cr n ) is equal to 
(1, (5i >A t, 5/x n,/x)/x), where 5 V ^ is equal to 1 if v = /i and otherwise, and /io G 7ri(E^_i,go) is 
the element described in Figure I 3.71 
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Figure 3.7. 

If n is not equal to m, (1, ^q^aOm) is not equal to (1, ^o^aOa-//) fc> r any elements 
A G 7Ti(E^_i, go) \ {!}• This means that <r n is not homotopic to a m if n is not equal to m. This 
completes the proof of Theorem 11.21 □ 

4. Self-intersection of sections 

We denote by E^i the compact oriented surface with connected boundary and by S a simple 
closed curve in E^i parallel to the boundary. Let M g ,\ be the mapping class group of E^i. It 
is known that there exists the natural surjective homomorphism ip : M g ,i —> M g induced by 
the inclusion map i : E^i — > Y> g . For a non-separating simple closed curve c in E^i, we define 
•M g ,i(c) and : Mg,i{c) —> Mg-i,i as we define M g (c) and <p c . 

Lemma 4.1. Let d, di, . . . , d n 6e simple closed curves in E^i. Suppose that these simple closed 
curves satisfy the following conditions: 

(1) d is non- separating; 

(2) t dl t d -„eM 9 ,i(4' 

<£j(£j ) = ts k , for some integer k. 

Then there exists a simplified BLF f : M ^ S 2 such that f has a section a with a 2 = —k. 

(Proof): We prove this lemma by constructing an explicit simplified BLF satisfying the desired 
condition. We take a 2-disk D in E^ and we identify E^i with E^ \ intD. We denote by A the 
collar neighborhood of dE^i in E Pj i. We fix an identification D = D 2 and A = .S' 1 x [1,2] so 
that dTi g ^i corresponds to S 1 x {1} in A. Then the map t$ k is represented by the following map: 

{x (x G Ep 5 i \ A), 

(exp(v^T(9 + 27rfc v / =l(2 - s)), s) (x = (exp(y/-[9) , sjei^^x [1, 2]). 

We first construct an LF over D 2 by attaching n 2-handles to D 2 x E^ along z(di), . . . , z(d n ) 
in a regular fiber of S 1 x E^ C Z} 2 x E^ with framing —1 with respect to the framing along a 

regular fiber (such a construction was introduced by Kas [TO]). Since G M. g ,i(d), we 

can obtain a BLF over D 2 by round 2-handle attachment (for details about this construction, 
see |4]). 

By the condition (3) in the statement, the boundary of the resulting BLF is described as 
follows: 

E#,i x //((*, 1) ~ (t s k (x), 0))UDx I/((x, 1) ~ (x, 0)). 
Moreover, this BLF has a section a whose boundary is {0} x I/((x, 1) ~ (x, 0)), where G D is 
the center of the 2-disk. 



A NOTE ON SECTIONS OF BROKEN LEFSCHETZ FIBRATIONS 



9 



To obtain a simplified BLF, we attach the trivial bundle E p x D 2 to the above BLF by the 
map 

& :T, g x I/((x, 1) ~ Or, 0)) -+ E 5jl x //((*, 1) ~ (t s k (x), 0))UDx //((*, 1) ~ 0)) 
defined as follows: 



(x,t) (xe^ 9i i\A), 
((exp( v /T T<9 + 2irkV-[t(s - 2)), s), t) (x = (exp(<s/=10), s) e A), 
(rexp( v /T T(9 - 27rk^/^^t),t) (x = rexp( v /T 16>) e L>). 



The resulting simplified BLF has a section <j = {0} x D 2 U$ <j. By the construction, the 
self-intersection of a is equal to — k. This completes the proof of Lemma I47TT □ 
(Proof of Theorem } 1.4]) ' We take simple closed curves ci, . . . , C2 gi C2 P +i,i, 023+1,2 in S^i as shown 
in Figure HTT1 



c 2#+l,2 





c 2#+l,l 



Figure 4.1. 

There exist the following relations in M g ,i for g > 2: 
(1) (t Sl tc 29 _ 2 ) 2(2fl - 1) =t€, 

(^) (^Cl tc 2 g-l) 2g ~ tc 2 g + l,l ' tc 2 g + l,21 

(3) (ta, ic 29 ) 29+1 = ^, 

where £ is the simple closed curve described in Figure I 4.21 and h is the element of M. g ,i as 
shown in Figure HT2l 




7Y 



half twist 



fix 



Figure 4.2. ft, twists the left side of the curve S and fixes the right side of S 
in the figure. 
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By using these relations, we obtain the following relation: 

tcig ^2 • tc! ' tc 2g = ^C 2g +l,l ' ^C 2g + 1,2 ' ^ ' 



bmce h 2 = t s , we obtain: 



(f~ f~ \{^9+^)n _ f n 



C2gJ 

(_l _l _lI _l j. \2n i— 2n •— 2n ,n 

\ l C 2g l C 2 ' l C! ' l C 2 l C 2g ) ~ l C 2g + l,l ' l C 2g +l,2 ' 6 ' 

(j. j. j.2 i i \2n (j. j. \2{2g—l)n j_—2n j_—2n j_n j_n 

\ l C 2 g l C 2 ' C Ci ' l C 2 ^C2g) ' V C Ci l C 2g -2) ~ l C 2 g+l,l ' l C 2 g+l,2 ' l £ ' l $ 5 

where n is a positive integer. The right side of the above equations are in A4 g ^(c2 g +i,i). Since 

£c2 5+ i,i(£c 29+ i,i) = 1, ^c2 5+ i,i(^) = ^c 29+ i,i(^) = ^c 2g+ i ; ife g+ i, 2 ) = ts and <Pc 2g +i,i( h ) = h > we 
obtain: 

^c 2s+ i,i(^) = 
~ (.L—2n j_—2n _/_n\ y. — n 

^C2g + l,A 6 C2p + l,l ' L C2g+l,2 ' L SJ ~ L 5 ' 

~ (j.—2n i—2n #n in\ i 

^+1,1^+1,1 • t c 2g+ i, 2 - i - 

Thus, the conclusion holds by Lemma I4TT1 □ 

5. Spin structures 

In this section, we discuss spin structures of total spaces of simplified BLFs. 

Let / : M H> S 2 be a simplified BLF. Denote by F C M a regular fiber in the lower side of 
/. A homology class S G H 2 (M;Z) is called a dual of F if the intersection number S • [F] is 
equal to 1. If / has a section a : S 2 —> M, the element [cr(5' 2 )] is a dual of F. It is also easy 
to see that a dual of F exists if the union of the higher side and the round cobordism of / is 
simply connected. 

Theorem 5.1. Let f : M — >• S 2 be a genus-g simplified BLF and F a regular fiber in the lower 
side of f . We denote by d\, . . . ,d n C E^ and d cS 9 vanishing cycles of Lefschetz singularities 
and the indefinite fold of f , respectively. Suppose that there exists a dual S G i?2(M;Z) of F. 
Then M admits a spin structure if and only if the following two conditions hold: 

(a) there exists a quadratic form q : Hi(Y, g ; Z/2Z) — > Z/2Z with respect to the intersection form 
of Y>g such that q(d) = and q(di) = 1 for all i G {1, . . . n}; 

(b) the self-intersection of S is even. 

(Proof): We first prove that the condition (a) in the statement holds if and only if the union of 
the higher side and the round cobordism of / admits a spin structure. Let F be a regular fiber 
in the higher side of / and vF = D 2 x E^ a regular neighborhood of F. It is known that vF 
may admits exactly 2 2g distinct spin structures and that there exists one to one correspondence 
between the set of equivalence classes of spin structures of vF and the set of quadratic forms 
q : iJi(E p ;Z/2Z) — » Z/2Z. For a given spin structure s of vF , the corresponding quadratic 
form q s is defined as follows: for an element 7 G i7i(E p ; Z/2Z), we take a simple closed curve 
c c E^ = F which represents 7. Then ^(7) is equal to if the restriction of s to c can be 
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extended to the spin structure of the 2-disk whose boundary is c and is equal to 1 otherwise 
(the reader should turn to [15] for more details about this correspondence). 

By the argument in [15 j, the higher side of / admits a spin structure if and only if there 
exists the quadratic form q : iJi(E p ; Z/2Z) — >• Z/2Z such that q(di) = 1 for alH = 1, . . . , n. 

By Lemma 12. 3| the union of the higher side and the round cobordism of / is obtained by 
attaching a 2-handle and a 3-handle to the higher side. Moreover, it is easy to see that the 
attaching map of the 2-handle preserves the spin structure obtained by restricting s to the 
simple closed curve d. So we can extend s to the 2-handle if and only if s\d can be extended 
to the bounding 2-disk. Since the attaching region of the 3-handle is diffeomorphic to S 2 x D 1 
and has the unique spin structure, we can extend s to the round cobordism of / if and only if 
q{d) = 0. So the condition (a) is equivalent to the condition that the union of the higher side 
and the round cobordism of / admits a spin structure. 

Now we are ready to prove Theorem 15.11 If M admits a spin structure, then the union of 
the higher side and the round cobordism of / also admits a spin structure. So the condition (a) 
holds. Since the intersection form of M is even, the self-intersection of S must be even. 

The converse direction is easily proved by the same argument as in [15]. □ 

Remark 5.2. In [17J, Williams introduced a surface diagram (E g ,T) of a 4-manifold M, where 
g > 3 and T = (71, . . . ,7fc) is a Z/fcZ- indexed collection of simple closed curves in Y> g . This 
diagram is defined by using a simplified purely wrinkled fibration f : M — >• S 2 . The simple closed 
curves in T represent the vanishing cycles of indefinite fold of / (for more details, see [17]). 

By using the modification defined by Lekili [11], we can change indefinite cusps into Lef- 
schetz singularities and indefinite folds and we obtain the simplified BLF h : M —> S 2 from 
a simplified purely wrinkled fibration / with the surface diagram (E^T = (71, . . . ,7/c))- Let 
Wh = (di, • • • ,dk) be the Hurwitz system of h, then the class [di] £ H\(Yi g ] Z/2Z) is equal to 
[li] + [7i+i]- For any quadratic form q : Hi(T lg ;Z/2Z) — )> Z/2Z, the following equation holds: 

<z([*D = <z([7iD + q(hi+i]) + hi] ■ hi+i] 

= (Z([7i])+9([7i+i]) + l- 
So q(di) is equal to 1 if and only if q(ji) = #(7^+1). Thus, we obtain the following corollary. 

Corollary 5.3. Let f : M S 2 be a simplified purely wrinkled fibration and (E g ,T) a surface 
diagram of M induced by f . Denote by F a regular fiber of the lower side of f . We assume 
that there exists a dual S £ #2(^5 Z) of F. Then M admits a spin structure if and only if the 
following conditions hold: 

(a) there exists a quadratic form q : Hi(Y> g ; Z/2Z) — )► Z/2Z such that q(d) = for all d £ T; 

(b) the self-intersection of S is even. 

In the rest of this section, we will give some applications of Theorem 15.11 

Example 5.4. For an integer n and a positive even integer g = 2k, we denote by f g ^ n : M — » S 2 
the genus-g simplified BLF constructed in the proof of Theorem [L4] as a fibration with a section 
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of square n. The Hurwitz system of f g ^ n is given as follows: 

(t Cl t C2 J (4 ^ +2)|n| (if n is negative), 

(tc 2g t C2 -t 2 Ci -t C2 t C2g f • (t Cl t C2g _ 2 ) 2 ^-^ (if n is zero), 

(t C2g t C2 -t 2 Ci -t C2 t C2g ) 2n (if n is positive), 

where the simple closed curves ci, . . . , C23+1 is described in Figure HTT1 The group Hi(E g ] Z/2Z) 

is generated by the elements [71], . . . , [72^], where 71, . . . ,72^ C Ti g is simple closed curves 
described in Figure I 5.11 




Figure 5.1. simple closed curves on E p 



Let q : iJi(E p ;Z/2Z) — >• Z/2Z be the quadratic form with respect to the intersection form of 
Tig such that #([72;]) = 1 for alH = 1, . . . , g, #([74.7-3]) = 1 and [747-1]) = for all j = 1, . . . , k. 
Since [d] = [71], [c 2g +i] = [72*7-1], [c 2 »] = [72i] = 1, • • • ,0) and [c 2 j+i] = [72.7-1] + [72.7+1] 
(j = 1, . . . , g — 1), we can calculate the value #([q]) as follows: 



(Z([ci]) = g([7i]) = l, 

q([c2g+l\) = g([74fe-l]) = 0, 

g([c2i]) = 9([72i]) = 1 (« = !,■■•,#), 

^([^•+1]) = g([72j-i]) + 4Q72J+1]) + [72.7-1] • [72J+1] 
= 1 + = 1 (j = !,...,#-!). 



So # satisfies the condition (a) of (ii) in Theorem 15.11 for f gjfl . Moreover, f g ^ n has a section of 
square n. Thus, the total space of f g ^ n admits a spin structure if n is even. 



We can completely classify spin genus- 1 simplified BLF. 
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Proposition 5.5. Let f : M — » S 2 be a genus-1 simplified BLF. We assume that M admits 
a spin structure and that f has both Lefschetz and indefinite fold singularities. Then M is 
diffeomorphic to $kS 2 x S 2 for some k > 1. 

Remark 5.6. Moishezon and Kas completely classified genus-1 LFs over S 2 . Baykur, Kamada 
[5] and the author [8 classified genus-1 simplified BLFs without Lefschetz singularities. So all 
we need to consider is the case / has both Lefschetz and indefinite fold singularities. 

(Proof of Proposition ^. 5} ): We take simple closed curves ci, C2 C T 2 so that the class [ci], [02] G 
#i(T 2 ;Z) is a generator of #i(T 2 ;Z) and that c v c 2 = 1. Denote by X { G M\ = Diff + (T 2 )/(isotopy) 
(i = 1, 2) the right-handed Dehn twist along q. When we identify M.\ with SX(2, Z) by a suit- 
able isomorphism, Xi and X2 correspond to the matrices ^ j ^ and ^ , respectively. 
We define the sequences of elements of SL(2, Z) S r and T(m, . . . , n s ) as follows: 



By Theorem 3.11 in [8 j, we can assume that a Hurwitz system Wf of / is equal to S r ■ 
T(ni,...,n s ) for some r, ni,...,n s G Z and that n;(W/) corresponds to ±Xi n for n G Z, 
where w(Wf) G 51/(2, Z) is the product of all elements in Wf 

If r were not equal to 0, M would contain CP 2 as a connected sum component and M would 
not be spin. So we have r = 0. 

The vanishing cycles of Lefschetz singularities (resp. indefinite fold) of / are t™ 1 (C2), . . . , t™* (02) 
(resp. c\). By the Picard-Lefschetz formula, we obtain: 



By Theorem l5.ll there exists a quadratic form q : Hi(T 2 ; Z/2Z) — ^ Z/2Z such that g([ci]) = 
and q([c2] + n^Ci]) = 1. On the other hand, there exists exactly two quadratic forms go? Qi 
which satisfy qj([c\)) = (#0(^2]) = 0, while (71QC2]) = 1). ^([^2] + ^;[ci]) is calculated as 
follows: 



Eventually, the integers ni, . . . , n s have same parity. In particular, the integers n\— n 2 , . . . , n s _i — 
n s are all even. 

It is known that the group P5X(2,Z) has the following presentation: 



S r — (Xi, . . . , X\) (r X\ stand in a line. ), 
T(m, . . . , n s ) = (X 1 ~^X 2 X 1 n \. . . , x 1 ~ n 'X 2 x 1 n '). 



[*?j(c 2 )] = [c 2 ]+n4d] G^!(T 2 ;Z). 





(if n^even, j = or n^odd, j = 1), 

1 (if n^odd, j = of n^even, j = 1). 



PSX(2, Z) =< a, 6|a 3 , 6 2 >^ Z/3Z * Z/2Z. 
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Let p : SX(2,Z) — » P5L(2,Z) be the natural projection. Then xi = p(Xi) = afra and x 2 
p(X 2 ) = ba 2 . Since w(W f ) = ±X 1 n , we obtain: 

Xr ni X 2 X 1 ni - n2 X 1 n '- 1 - n 'X 2 X 1 n ' = ±Xi n , 

^>x 1 - ni x 2 x 1 ni - n2 x 1 n - 1 - n 'x 2 x 1 na =x 1 n , 

=>x 2 x x n ^ n2 x 1 ns - 1 - ns x 2 = xi m , 



where m = n + ni — n s . 

Lemma 5.7. Suppose that rti — 77^+1 7^ 2 /or a/Z z G — 1}. Then x 2 x\ nx ~ n2 

xi ns - 1 ~ 7ls x 2 is equal to bS or a 2 ba 2 bS , where S = w\ and (wi, . . . ,Wk) is a reduced 

sequence (i.e. {wi , Wi+i } = {a, b} or {a 2 , b}) such that w\ = a or a 2 . 

(Proof of Lemma \5.7\ ): We prove this statement by induction on s. 
We first look at the case 5 = 2. x 2 xi ni ~ n2 x 2 is calculated as follows: 



x 2Xl ni - n *x 2 



ba 2 • a(6a 2 ) ni - n2 - 1 6a • ba 2 (if m - n 2 > 4), 
ba 2 ■ a 2 (H" ni+n2_1 ^ 2 • ba 2 (if m - n 2 < 0), 

a 2 ba 2 (ba 2 ) ni - n *- 3 baba 2 (if m - n 2 > 4), 
(ba)- ni+n2 ba 2 ba 2 (if n x - n 2 < 0). 

So the statement holds. 
We then look at the general case. By the induction hypothesis, we obtain: 

x 2 xi n2 - ns x 1 ns - 1 ~ ns x 2 = bS or a 2 ba 2 bS, 

where S is the product of a reduced sequence starting from a or a 2 . We can calculate x 2 x\ ni 
as follows: 



X2Xi ni~n 2 = 



ba 2 • a(6a 2 ) ni - n2 - 1 6a (if n 1 - n 2 > 4), 

ba 2 ■ a 2 (ba)- ni+n2 - 1 ba 2 (if m - n 2 < 0), 

a 2 ba 2 (ba 2 ) ni - n *- 4 ba 2 ba (if m - n 2 > 4), 

(ba)- ni + n2 ba 2 (if m - n 2 < 0), 



Hence, we obtain: 



£ 2 £i ni ~ n2 a?i n - 1_n -a;2 



= < 



a 2 ba 2 (ba 2 ) ni - n *- 4 ba 2 ba' 
(ba)~ ni+n2 ba 2 - bS 
^(6a)- ni+n2 6a 2 • a 2 ba 2 bS 



bS (if m 


- n 2 


> 4 and 


X 2 Xi n2 


-n 3 


... Xl n a -i 


~ n *x 2 


= bS), 


a 2 ba 2 bS (if m 


- n 2 


> 4 and 


X 2 Xi n2 


-n 3 


... Xi n s -i 


~ n *x 2 


= a 2 6a 2 


(if ni 


- n 2 


< and 


X 2 Xi n2 


-n 3 


• • • Xi™ 3 ' 1 


~ ns x 2 


= 65), 


(if m 


- n 2 


< and 


X 2 X\ n2 


-n 3 


• • • Xi 77,8 - 1 


~ Us x 2 


= a 2 6a 2 
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a 2 ba 2 (ba 2 ) ni - n *- 4 ba 2 babS (if m - n 2 > 4 and x 2 x^~ n * x 1 n ^- n °x 2 = 65), 

a 2 ba 2 (ba 2 ) ni ~ n2 - A babS (if m - n 2 > 4 and £ 2 ^i n2 ~ n3 xi n - 1 - n -x 2 = a 2 ba 2 bS), 

(ba)- ni + n *ba 2 bS (if m - n 2 < and £ 2 £i n2_n3 x 1 ns - 1 ~ ns x 2 = 65), 

^ (ba)- ni + n *baba 2 bS (if m - n 2 < and £ 2 £i n2_n3 a^-i-^a = a 2 ba 2 bS). 

This completes the proof of Lemma 15.71 □ 
By Lemma 15771 x 2 x r { 1 ~ n2 • • - x^ 3 ' 1- ™ 3 x 2 would not be equal to x™ if rti — ^ 2 for all 
i G {1, . . . , s — 1}. Hence, we have — n^ + i = 2 for some i G {1, . . . , s — 1} and M contains 
S 2 x S 2 as a connected sum component. By applying this argument successively, we can complete 
the proof of Proposition 15.51 □ 
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